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Abstract 
We present the realization of Hurwitz algebras in terms of 2x2 vector matrices, which maintain the 
correspondence between the geometry of the vector spaces used in the classical physics and the 
underlined algebraic foundation of the quantum theory. The multiplication rule used is modification of 
the one originally introduced by M.Zorn. We demonstrate that our multiplication is not intrinsically 
non-associative; the realization of the real and complex numbers is commutative and associative, the 
real quaternions maintain associativity and the real octonion matrices form an alternative algebra. The 
extension to the calculus of the matrices (with Hurwitz algebra valued matrix elements) of the arbitrary 
dimensions is straightforward. We discuss briefly the applications of the obtained results to the 
extensions of the standard Hilbert space formulation of the quantum physics and to the alternative 
wave mechanical formulation of the classical field theory. 
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The mathematical formalism of the classical physics is based on the use of the real vector spaces. In 
contrast, the quantum physics typically formulated algebraically. It is desirable to work with structures 
that allow establishing the connection between both descriptions.  
Among the diversity of possible algebras relevant in the physical applications, the Hurwitz algebras 
play a special role. They are the 1, 2, 4 and 8 dimensions quadratic normal division algebras and form 
the only possible numerical systems. We may generate using them the sequence of the mathematical 
frameworks suitable for the description of classical field theories (dispersion free (1)) as well as 
quantum field theories (that obey Heisenberg dispersion relations) using the Hilbert modules, 
functional analytical structures similar to the usual Hilbert spaces.  
Consider subsequence of those structures with real scalar product, all dynamical variables mutually 
commuting and the states are real, complex, quaternion and octonion valued (2): 
                    ),(),( gfTrgf R ≡                                                                                                          (1) 
where, for example, for f and g  quaternion valued, ),( gf is quaternion valued as well. The same 
structure may be generated alternatively by the four dimension vectors: 
                    }),{(}),{(}),{(),(),( 332211 egfTreegfTreegfTregfTrgf −−−=                            (2) 
              }),{(}),{(}),{(),(),( 33221111 egfTreegfTreegfTregfTregfe ++−=−                        (3) 
              }),{(}),{(}),{(),(),( 33221122 egfTreegfTreegfTregfTregfe +−+=−                        (4) 
              }),{(}),{(}),{(),(),( 33221133 egfTreegfTreegfTregfTregfe −++=−                        (5) 
The sum of Eqs.(2), (3), (4) and (5) give us  
                    ]),(),(),(),[(),(),( 33221141 egfeegfeegfegfgfTrgf R −−−=≡                           (6) 
or in the matrix notations 
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Similarly, the Hilbert module with the complex scalar product is generated by the sum of Eq. (2) and 
Eq. (3): 
                  1111 ),(),(}),{(),(),( egfegfegfTregfTrgf C −=−≡                                               (8) 
In the matrix notations  
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The Hilbert module with the complex scalar product and the octonion valued states is generated 
exactly in the same manner. The usual Hilbert space obviously fits that procedure. This provides the 
evidence that the uniform matrix treatment of all Hurwitz algebras should exist. 
First of all, let us consider 2x2 matrices. We have no difficulties to represent reals, complex and real 
quaternions but the underlined Cayley-Dickson procedure prevents the 2x2 matrix extension to the 8-
dimensional algebra of real octonions. In addition, the obtained via Cayley-Dickson realization of the 
real quaternions  
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provide the physically erroneous mapping of the space-time geometry 
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since it violate the assumed isotropy of the space continuum. We therefore adopt the geometric vector 
matrices approach originally introduced by M.Zorn (3) (4) with the following modification: 
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2) Complex numbers 
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3) Quaternions 
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4) Octonions 
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and the multiplication rule defined by 
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where  
           ijji ee δ−=•  
    xyyxyx ii
rrrr
•=−=•                                                                                                              (17) 
    xyeyxyx kjiijk
rrrr
×−==× ε  ; 
ijkε  are the structure constants of the correspondent multiplication table (see Appendix). For the 
quaternions it is usual totally antisymmetric three dimension tensor; in case of octonions it also may be 
considered as Levi-Chevita tensor in seven dimension space. 
Explicitly, for the quaternions we have  
     312212311312332 )()()( eyxyxeyxyxeyxyxyx −+−+−=×
rr
                                                (18) 
and for the octonions 
            312212311312332 )()()( eyxyxeyxyxeyxyxyx −+−+−=×
rr
   
              725524622616556 )()()( eyxyxeyxyxeyxyx −+−+−+  
              624425722714774 )()()( eyxyxeyxyxeyxyx −+−+−+  
5  
            516617144124664 )()()( eyxyxeyxyxeyxyx −+−+−+                                                  (19) 
            471176511525775 )()()( eyxyxeyxyxeyxyx −+−+−+  
            736636733736776 )()()( eyxyxeyxyxeyxyx −+−+−+  
            543344355335445 )()()( eyxyxeyxyxeyxyx −+−+−+  
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An involution is defined by 
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And satisfy the standard requirements 
              XX =   
(follows immediately from (21)) 
              XYYX ◊=◊
_______
                                                                                                                  (22)   
Proof: 
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Now we are in the position to proof the following statement: the algebras defined by Eqs. (12), (13), 
(14), (15), (16) and (17) are quadratic normal division algebras. 
Proof:           
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Then  
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From the uniqueness of the Hurwitz algebras it follows that the discussed realization has the following 
properties: 
1) One dimension algebra of reals and two dimension algebra of complex numbers 
              XYYX ◊=◊                                 (commutative) 
             ZYXZYX ◊◊=◊◊ )()(                   (associative)                                                        (27) 
2) Four dimension algebra of real quaternions 
              ZYXZYX ◊◊=◊◊ )()(                (associative)                                                         (28) 
3) Eight dimension algebra of real octonions 
              )(2 YXXYX ◊◊=◊                     (left alternative)                                                   (29) 
              YYXYX ◊◊=◊ )(2                      (right alternative)                                                 (30) 
Indeed, the validity the above statements may be demonstrated through direct matrix calculations. 
However, they are rather cumbrous and we will only provide the useful relations for that: 
1) For all Hurwitz algebras hold 
              xyyx rrrr •=•                                                                                                              (31) 
              xyyx rrrr ×−=×                                                                                                           (32)  
              )()()( xzyyxzzyx rrrrrrrrr ×•=×•=×•                                                                         (33) 
2) For Quaternions 
             yzxzyxzyx rrrrrrrrr )()()( •−•=××                                                                                 (34) 
Using relations (33) and (34) we have 
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3) For Octonions 
                 yxxxyxyxx rrrrrrrrr )()()( •+•−=××                                                                                (36) 
Using (33) for the scalar component of the alternator we have 
                 0)()( =•×−•× xzyzyx rrrrrr                                                                                           (37) 
Therefore 
                )]([])[( zyxTrzyxTr ◊◊=◊◊                                                                                             (38) 
Thus the calculations of the scalar products in the real Hilbert module with the octonion valued states 
may be performed neglecting their non-associativity. Obviously we have also 
               )]([])[( yxzTrzyxTr ◊◊=◊◊                                                                                             (39) 
We have obtained the properties (associativity and commutativity) both needed to formulate dispersion 
free field theory (2).  
The detailed discussion of self-adjoint operators (dynamical variables) in those frameworks will be 
presented in a separate publication. 
Using (36) for the vector component of the alternator we have 
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               )(2 yxxyx ◊◊=◊               (left alternative)                                                                    (41) 
Similarly, 
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             xxyxy ◊◊=◊ )(2               (right alternative)                                                                    (43) 
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Then the flexibility and the Moufang identities follow  
             )()( xyxxyx ◊◊=◊◊                                                                                                           (44) 
             )]([)( yxaxyxax ◊◊◊=◊◊◊                                                                                                 (45) 
              xaxyxaxy ◊◊◊=◊◊◊ ])[()(                                                                                                (46) 
              xayxxayx ◊◊◊=◊◊◊ )()()(                                                                                                (47) 
Consider now the matrices of arbitrary dimension with matrix elements belong to one of the Hurwitz 
algebras. Then the product matrix is defined by the usual multiplication rule: 
            




















⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅
⋅⋅⋅




















⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅
⋅⋅⋅
≡




















⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅
⋅⋅⋅
nnnn
n
n
nnnn
n
n
nnnn
n
n
YYY
YYY
YYY
XXX
XXX
XXX
ZZZ
ZZZ
ZZZ
21
22221
11211
21
22221
11211
21
22221
11211
           (48) 
              kj
n
k
ikij YXZ ∑
=
≡
1
  ;    nji ,...2,1, =                                                                                         (49) 
where 
            
∑
∑
=
=








•+×++
×++•+
≡
≡







◊







=








≡
n
k kjikkjikkjikikkjkjik
kjikikkjkjikkjikkjik
n
k kjkj
kjkj
ikik
ikik
ijij
ijij
ij
yxyxyxxyyx
yxxyyxyxyx
yy
yy
xx
xx
ZZ
ZZ
Z
1
0000
0000
1
0
0
0
0
0
0
rrrrrr
rrrrrr
r
r
r
r
r
r
                                                (50) 
ikikik ZYX ,,∀  elements of R,C,H and O algebras.  
Thus the product matrix is defined as the usual sum of pairs of the multipliers and each pair product is 
defined by the vector multiplication introduced above. 
 
In a conclusion, we have discussed the geometrical extension of the conventional matrix multiplication 
which uniformly valid for all quadratic normal division algebras. I would like to emphasize that the 
suggested matrix realization is of crucial importance for the quaternion and octonion extensions of the 
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standard functional analysis since the real as well as complex Hilbert modules require the use of the 
multicomponent states. The obtained results allow introduction and investigation of the operators 
necessary for the description system dynamics and system dynamical observables (self-adjoint 
operators) (5) (6).  In addition, the transition from the vector matrices realization to the standard one may 
provide an alternative mechanism for the spontaneous breakdown of the internal symmetries as 
suggested the comparison between Eqs. (10) and (14). Historically, the multiplication operation over 
real numbers was first extended to the physically relevant three dimension space and only later to the 
spaces of the arbitrary dimension and signature (7). The alternative direction of the generalization was 
the invention of the scalar matrix multiplication. It seems reasonable to expect that the suggested 
vector matrix multiplication may be extended to include the additional types of algebras (Clifford, Lie, 
Jordan, etc.) but that question lies outside the scope of my investigation. 
I am grateful to L. Sepunaru for discussions.  
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Appendix 
For the reader that is not lazy to verify my statements by the direct calculations, I 
reproduce here the Hurwitz algebras multiplication tables. 
 
                            Table I                                                                   Table II 
                 Complex  numbers                                                        Quaternions               
 
  
 
              
 
                        
 
 
                                                                   Table III                                
                                                                  Octonions                                                         
 
 
 0e 1e 2e 3e 4e 5e 6e 7e 
0e 0e 1e 2e 3e 4e 5e 6e 7e 
1e 1e 0e− 3e 2e− 7e 6e− 5e 4e− 
2e 2e 3e− 0e− 1e 6e 7e 4e− 5e− 
3e 3e 2e 1e− 0e− 5e− 4e 7e 6e− 
4e 4e  7e− 6e− 5e 0e− 3e− 2e 1e 
5e 5e 6e 7e− 4e− 3e 0e− 1e− 2e 
6e 6e 5e− 4e 7e− 2e− 1e 0e− 3e 
7e 7e 4e 5e 6e 1e− 2e− 3e− 0e− 
 
 
 0e 1e 2e 3e 
0e 0e 1e 2e 3e 
1e 1e 0e− 3e 2e− 
2e 2e 3e− 0e− 1e 
3e 3e 2e 1e− 0e− 
 0e 1e 
0e 0e 1e 
1e 1e 0e− 
